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ON AUTOMORPHISMS OF ENVELOPING ALGEBRAS
AKAKI TIKARADZE
ABSTRACT. Given an algebraic Lie algebra g over C, we canonically associate to it a Lie algebra
L∞(g) defined over C∞–the reduction of C modulo the infinitely large prime, and show that for
a class of Lie algebras L∞(g) is an invariant of the derived category of g-modules. We give two
applications of this construction. First, we show that the bounded derived category of g-modules
determines algebra g for a class of Lie algebras. Second, given a semi-simple Lie algebra g over
C, we construct a canonical homomorphism from the group of automorphisms of the enveloping
algebra Ug to the group of Lie algebra automorphisms of g, such that its kernel does not contain a
nontrivial semi-simple automorphism. As a corollary we obtain that any finite subgroup of auto-
morphisms of Ug isomorphic to a subgroup of Lie algebra automorphisms of g.
INTRODUCTION
This paper is motivated by the question whether a Lie algebra g over C can be recovered from
its enveloping algebra Ug. One way to make this question more precise is to state the isomor-
phism problem for enveloping algebras: given two finite dimensional Lie algebras g1, g2 over
C, such that their enveloping algebras are isomorphic Ug1 ∼= Ug2, does it follow that g1 ∼= g2?
This problem is widely open in general, it is known to have the positive answer for the cases of
semi-simple Lie algebras (easily follows from[AP]) and low dimensional nilpotent Lie algebras
(see [H]).
One is tempted to upgrade this isomorphism problem to the following derived isomorphism
problem.
Conjecture 1. Let g1, g2 be finite dimensional Lie algebras over C. If the derived categories of
bounded complexes of Ug1-modules and Ug2-modules are equivalent, then g1 ∼= g2.
We show that the conjecture holds if Lie algebras g1, g2 satisfy Assumption 1 below (see The-
orem 2.)
A closely related problem is to understand Aut(Ug)–the group of automorphisms of the en-
veloping algebra. Of particular interest are its finite subgroups. In this regard, the study of
finite subgroups of automorphisms of Ug for semi-simple g and the corresponding fixed point
rings have been of great interest for some time now, see [AP], [C], [CG], [J2]. For the special
case of g = sl2, all finite subgroups of Aut(Usl2) where classified by Fleury [F]. More specifi-
cally, she proved that if Γ is a finite subgroup of Aut(Usl2), then Γ is conjugate to a subgroup
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of Aut(sl2) ⊂ Aut(Usl2). The proof in [F] relies on the explicit knowledge of generators of auto-
morphism groups of primitive quotients of Usl2 (a result by Dixmier), no such results are known
for higher rank Lie algebras.
Following ideas and results of Kontsevich and Belov-Kanel on automorphisms of the Weyl
algebra [BK], [K], we approach these problems by reducingmodulo large prime p. In this context
it is convenient to use the reduction modulo the infinitely large prime construction. Recall that
given a commutative ring R, its reduction modulo the infinitely large prime R∞ is defined as
follows (see [K], [BK])
R∞ = lim−→
f .g.S⊂R
(∏
p∈P
S/pS)/(
⊕
p∈P
S/pS),
here the direct limit is taken over all finitely generated subrings S ⊂ R, and P denotes the set of
all prime numbers [K]. We have the canonical inclusion R⊗ Q →֒ R∞. In particular, if R is an
integral domain, then R∞ can (and will) be viewed is an R-algebra via the canonical embedding
R →֒ R∞. Also, we have the Frobenius map Fr∞ : R∞ → R∞, defined as follows:
Fr∞(∏
p
xp) = ∏
p
x
p
p.
All results in this paper are about Lie algebras satisfying the following assumption. Exam-
ples of such Lie algebras besides semi-simple and Frobenius ones are certain Z2-contractions of
reductive algebras, for example sln(C)⋉Cn (see [Pa]).
Assumption 1. Let g be an algebraic Lie algebra over C corresponding to a connected algebraic
group G, with the trivial center, such that the following properties hold. The algebra of invari-
ants Sym(g)g = C[ f1, · · · , fn] is a polynomial algebra with homogeneous generators f1, · · · , fn;
such that they form a regular sequence in Sym(g). Moreover, the corresponding algebra of coin-
variants A = Sym(g)/( f1 , · · · , fn) is a normal domain, such that the coadjoint action of G on
SpecA has an open orbit.
Given a perfect Lie algebra g: [g, g] = g, satisfying Assumption 1, we construct a canonical
group homomorphism (Section 4)
D : Aut(Ug) → Aut(gC∞),
where gC∞ = g ⊗C C∞. We have a base change homomorphism Fr
∗
∞ : Aut(g) → Aut(gC∞)
induces by the Frobenius embedding Fr∞ : C → C∞. The following is the main result of the
paper.
Theorem 1. Let g be a perfect Lie algebra over C satisfying Assumption 1. Then there are no nontrivial
semi-simple elements in ker(D). Moreover, D restricts to Fr∗∞ on Aut(g). In particular, if Γ is a finite
subgroup of Aut(Ug), then there exists a subgroup Γ′ of Aut(g), such that Γ is isomorphic to Γ′ as an
abstract group.
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Remark 1. The most interesting application of the above result is for the case of a simple Lie alge-
bra g. In principle, this result provides a full classification of isomorphism classes of finite groups
of automorphisms of Ug. However, although the construction of the subgroup Γ′ ⊂ Aut(g) is
somewhat canonical, we don not know if Γ′ is conjugate to Γ in Aut(Ug). In fact, we do not know
if a much stronger statement about linearizability holds: Given a finite subgroup Γ ⊂ Aut(Ug),
whether there exists a subgroup Γ′ ⊂ Aut(g), such that Γ′ is conjugate to Γ in Aut(Ug).
Throughout the paper, given an abelian group M, we denote by Mp its reduction modulo p:
Mp = M/pM.
1. REDUCTION MODULO p LEMMAS
In this section, given any finite dimensional Lie algebra g over C, we define C∞-Lie algebras
g∞, ˆg∞, and compute them for Lie algebras satisfying Assumption 1, Lemma 3. This construction
plays the crucial role in proving our main results.
At first, recall that given an associative flat Z-algebra R and a prime number p, then the center
Z(Rp) of its reduction modulo p acquires the natural Poisson bracket, which we refer to as the
deformation Poisson bracket, defined as follows. Given a, b ∈ Z(Rp), let z,w ∈ R be their lifts
respectively. Then the Poisson bracket {a, b} is defined to be
1
p
[z,w] mod p ∈ Z(Rp).
Let S be a finitely generated subring of C, and let g be a Lie algebra over Swhich is a finite rank
free S-module. Throughout the paper we denote by B the quotient of Ug by the augmentation
ideal of its center
B = Ug/(Z(Ug) ∩ gUg)Ug.
Then we define S∞-Lie algebras L∞(g),L
′
∞(g) as follows. Let p >> 0 be a large prime number.
Then the following augmentation ideals
mp = Z(Ugp) ∩ gp(Ugp), np = Z(Bp) ∩ gpBp
are easily seen to be Poisson ideals in Z(Ugp),Z(Bp) respectively. Hence mp/m
2
p, np/n
2
p are Lie
algebras, and we view them as Lie algebras over Sp via the the Frobenius map Frp : Sp → Sp.
Denote mp/m
2
p by Lp(g), and np/n
2
p by L
′
p(g). Similarly given a base change S → k to a field of
characteristic p we define k-Lie algebras Lk(g),L
′
k(g). We put
L∞(g) = ∏
p∈P
Lp(g)/
⊕
p∈P
Lp(g), L
′
∞(g) = ∏
p∈P
L′p(g)/
⊕
p∈P
L′p(g),
Now, given a Lie algebra over C, we define
L∞(g) = lim−→
f .g.S⊂C
L∞(gS), L
′
∞(g) = lim−→
f .g.S⊂C
L′∞(gS).
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Here, gS is a model of g over S : gS ⊗S C = g. We have the natural surjective homomorphism
L∞(g) → L′∞(g). If gS is an algebraic Lie algebra over S, then we construct below a canonical Lie
algebra homomorphism
gS∞ = gS ⊗S S∞ → L∞(g).
It follows from Lemma 3 below that if g satisfies Assumption 1, then L∞(g) is isomorphic to a
trivial central extension of gC∞ = g⊗C C∞, while L
′
∞(g)
∼= gC∞ .
Next we recall a key computation of the Poisson bracket for restricted Lie algebras due to Kac
and Radul [KR]. First, we recall and fix some notations associated with enveloping algebras of
restricted Lie algebras. Let R be a commutative reduced ring of characteristic p > 0. Let g be a
restricted Lie algebra over R (g is assumed to be a finite free R-module) with the restricted struc-
ture map g → g[p], g ∈ g. Then by Zp(g) we denote the central R-subalgebra of the enveloping
algebra Ug generated by elements of the form gp − g[p], g ∈ g. It is well-known that the map
g → gp − g[p] induces homomorphism of R-algebras
i : Sym(g) → Zp(g),
where Zp(g) is viewed as an R-algebra via the Frobenius map F : R → R. The homomorphism
i is an isomorphism when R is perfect. Also, recall that the Lie algebra bracket on g defines the
Kirillov-Kostant Poisson bracket on the symmetric algebra Sym(g).
The following is the key result from [KR]. We include a proof for the reader’s convenience.
Lemma 1. Let R be a finitely generated integral domain over Z. Let G be an affine algebraic group over R,
let g be its Lie algebra. Let Gp, gp be reductions modulo p of G, g respectively. Thus Z(Ugp) is equipped
with the deformation Poisson bracket. Then Zp(gp) is a Poisson subalgebra of Z(Ugp), moreover the
induced Poisson bracket coincides with the negative of the Kirrilov-Kostant bracket:
{ap − a[p], bp − b[p]} = −([a, b]p − [a, b][p]), a ∈ gp, b ∈ gp.
Proof. The proof directly follows from a similar result about Weyl algebras in [BK]. More specif-
ically, let X be a smooth affine variety over R, and let DX denote the algebra of differential
operators on X. Put X = X mod p. Then the center of DX mod p = DX can be identified with
(the Frobenius twist) of the functions on the cotangent bundle T∗
X
[BMR]. Then the deforma-
tion Poisson bracket of Z(DX) is equal to the negative of the Poisson bracket coming from the
symplectic structure of the cotangent bundle of X.
Now let θ : g → DG be the realization of g as left-invariant vector fields on G. Then we
have the corresponding embedding θ : Ug → DG and the corresponding reduction modulo p
θ¯ : Ugp → DGp , which induces the embedding Zp(gp) → Z(DGp). In this way Zp(gp) is a Poisson
subalgebra of Z(DGp) and the assertion follows. 
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It is clear that i−1(mp) = gpSymgp. So, in view of Lemma1 we have the canonical Lie algebra
homomorphism gp → mp/m
2
p. Hence, we obtain the desired canonical homomorphism
gS∞ → L∞(g).
We have the following
Lemma 2. Let S be a finitely generated subring of C. Let g be a nilpotent Lie algebra over S. Let p >> 0
be a prime. Let I be a Poisson ideal of Z(Ugp), such that Z(Ugp)/I = Sp. Then I/I
2 ∼= mp/m
2
p as
Sp-Lie algebras.
Proof. We claim that given any ideal I in Z(Ugp), such that I ∩ Zp(gp) = (gp, g ∈ gp) and
Z(Ugp)/I = Sp, then I = mp. Indeed, since Ugp/(gp, g ∈ gp)Ugp is a nilpotent Sp-algebra, it
follows that Z(Ugp)/(gp , g ∈ gp)Z(Ugp) is also a nilpotent Sp-algebra: m
pl
p ⊂ (g
p, g ∈ gp)Z(Ugp)
for large enough l. If a+ y ∈ I, a ∈ Sp, y ∈ mp, then
(a+ y)p
l
∈ ap
l
+ (gp, g ∈ gp)Z(Ugp),
so a = 0 and I ⊂ mp. Put I ′ = I ∩Zp(g). Then I ′ is a Poisson ideal and Zp(g)/I ′ = Sp. Hence, I ′ =
(gp − χ(g), g ∈ gp), where χ : gp → Sp is a Lie algebra homomorphism. Then φ(g) = g− χ(g)
induces an automorphism φ : Ugp → Ugp, such that φ(mp) = I. Moreover φ admits a lift over
S/p2S. Indeed, take any character χˆ : g/p2g → S/p2 that lifts χ and put φ˜(g) = g˜ − χ(g).
Then φ˜ : U(g/p2g) → U(g/p2g) is an automorphisms such that φ = φ˜ mod p2. Hence, φ is a
Poisson automorphism of Z(Ugp). Thus we obtain the desired isomorphism of Sp-Lie algebras
I/I2 ∼= mp/m2p.

From now on we fix a Lie algebra g satisfying Assumption 1. It follows that we may choose
a finitely generated subring S ⊂ C, and a Lie algebra gS over S which is finite free S-module,
such that g = gS ⊗S C, fi ∈ SymgS and AS = SymgS/( f1, · · · , fn) is a normal integral do-
main. Moreover SpecAS has a nonempty open subset US which is symplectic over S under
the Kirillov-Kostant bracket. Denote by gi the image of fi under the symmetrization isomor-
phism Sym(g)g → Z(Ug). Hence gr(gi) = fi. We may assume that S is large enough so that
gi ∈ UgS, 1 ≤ i ≤ n. Just as before, we put BS = UgS/(g1, · · · , gn). Hence B = BS ⊗S C. Given
a commutative S-algebra R, we denote by gR, BR and AR the base changes of gS, BS, AS respec-
tively. In particular, for a base change R → k, where k is an algebraically closed field, Ak is
a normal integral domain (for p >> 0). We denote images of fi, gi in Symgp,Z(Ugp) by f¯i, g¯i.
Given a commutative Sp-algebra R, we denote by mR( respectively nR), the augmentation ideal
Z(UgR) ∩ gRUgR (respectively Z(BR) ∩ gRBR.)
Then we have the following
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Lemma 3. Let g be as above. Then, Z(Ugp) is a free Zp(gp)-module with the basis
{g¯1
α1 · · · g¯n
αn , 0 ≤ αi < p, 1 ≤ i ≤ n}.
In particular, L′∞(g) = gS∞ , while L∞(g) is a trivial central extension of gS∞ .Moreover, given a Poisson
ideal I in Z(Ugp), such that Z(Ugp)/I = S/pS, then I/I2 is a trivial central extension of gp as an
Sp-Lie algebra. If g is perfect, then np is the unique Poisson ideal of Z(Bp), such that Z(Bp)/np = Sp.
Proof. It is enough to verify above statements after a base change S/pS → k, where k is an al-
gebraically closed field of characteristic p. At first, since Ak = Sym(gk)/( f¯1 , · · · , f¯n) is a normal
domain and the Poisson bracket is symplectic on a nonempty open subset of SpecAk, it follows
easily that the Poisson center of Ak is A
p
k (see, for example, Lemma 2.4[T]). It suffices to check
that the Poisson center of Symgk is a free module over (Symgk)
p with the basis
{ f¯1
α1 · · · f¯n
αn , 0 ≤ αi < p}.
Indeed, let g be in the Poisson center of Symgk. Denote the ideal ( f¯1, · · · , f¯n) ⊂ Symgk by
I. We claim that g ∈ Sym(gk)
p[ f¯1, · · · , f¯n] + I
m, for all m. We proceed by induction on m.
Since g¯ = g mod I belongs to the Poisson center of Ak, it follows that g¯ ∈ A
p
k. Hence g ∈
Sym(gk)
p + I. Assume that g ∈ Sym(gk)
p[ f¯1, · · · , f¯n] + I
m for some m ≥ 1. So, there exists
x ∈ g+ Sym(gk)
p[ f¯1, · · · , f¯n], such that
x = ∑
α1+···+αn=m
f¯1
α1 · · · f¯n
αnxα, xα ∈ Sym(gk), .
Then, for any y ∈ gk, we have
0 = {y, x} = ∑
i
f¯1
α1 · · · f¯n
αn{y, xα}.
Since the sequence ( f¯1, · · · , f¯n) is regular, we may conclude that x¯α = xα mod I ∈ A
p
k. Hence,
g ∈ Sym(gk)
p[ f¯1, · · · , f¯n] + I
m+1.
Therefore,
g ∈
⋂
m≥1
(Sym(gk)
p[ f¯1, · · · , f¯n] + I
m) = Sym(gk)
p[ f¯1, · · · , f¯n].
Now, suppose that
0 = ∑
α1,··· ,αn
f¯1
α1 · · · f¯n
αnx
p
α , xα ∈ Sym(gk),
Such that either xα = 0 or xα /∈ I. Letm be such that xα = 0 for all |α| < m in the above sum. Since
Im/Im+1 is a free Ak-module with basis { f¯1
α1 · · · f¯n
αn ,∑ αi = m}, we get that x
p
α mod I = 0,
hence xα ∈ I. So xα = 0. Thus, elements { f¯1
α1 · · · f¯n
αn , 0 ≤ αi < p} are linearly independent
over (Symgk)
p as desired. It follows that gk
⊕
⊕ni=1kg¯i surjects onto Lk(g) = mk/m
2
k, and since
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the center of gk is trivial, we conclude that Lk(g) is a direct sum of gk with a central subalgebra
spanned by images of g¯i.
Denote by f˜i the image of f¯i
p
under the isomorphism Sym(gk) ∼= Zp(gk). Then gr( f˜i) = f¯
p
i .
Since Ak is a domain, we have
(Symgk)
p ∩ I = ∑
i
f¯i
p
Symgk.
Therefore
Zp(gk) ∩ (g¯1, · · · , g¯n) = ∑ f˜iZp(gk).
Hence, we conclude that the map i : Symgk → Z(Bk) induces an isomorphism Ak ∼= Z(Bk). In
particular, L′k(g) = nk/nk
2 ∼= gk.
Now let I ⊂ Z(Ugp) be a Poisson ideal such that Z(Ugp)/I = Sp. Proceeding as in the proof
of Lemma 2, without loss of generality we may assume that (gp − g[p], g ∈ gp) ⊂ I. Let g¯i − ai ∈
I, ai ∈ Sp. In the above proof, replacing g¯i with g¯i − ai, we conclude that
I/I2 = gp ⊕
n
∑
i=1
Sp(g¯i − ai).
If gp is perfect and I is Poisson ideal in Bp, such that Bp/I = S/pS, then if follows that gp −
g[p] − χ(g) ∈ I, g ∈ gp, such that χ : gp → Sp is a character. Hence, χ must be trivial. Since
gp − g[p], g ∈ gp generate Z(Bp), we get that I = np.
Example 1. Let g = sl2 with the usual generators e, f , h. Then the center of Usl2(Fp) is generated
a Fp-algebra by x = ep, y = f p, z = hp − h,∆ = 4 f e+ h2 + 2h subject to the relation
(∆ + 1)p − 2(∆ + 1)
p+1
2 + (∆ + 1) = 4xy+ z2.
Thus the augmentation ideal mp = Z(Ugp) ∩ gp(Ugp) is generated by x, y, z,∆ and mp/m2p has
an Fp-basis {x¯, y¯, z¯, ∆¯}–images of x, y, z,∆ respectively. Thus we see that Lp(sl2) = mp/m
2
p
∼=
sl2(Fp)⊕ Fp∆¯. Similarly np–the augmentation ideal of Z(Bp) = Z(Usl2(Fp)/(∆)), is generated
by x, y, z, and np/n
2
p = Fp x¯⊕ Fpy¯⊕ Fpz¯. So L
′
p(sl2)
∼= sl2(Fp).

2. DERIVED ISOMORPHISMS
As usual, S is a finitely generated subring of C. Throughout, given two algebras A, B, we say
that they are derived equivalent if the respective derived categories of bounded complexes of
(left) modules are equivalent. We use the following easy consequence of [R].
Lemma 4. Let A, B be flat S-algebras that are derived equivalent. Then Z(A/pA) ∼= Z(B/pB) as
Poisson algebras for all p >> 0.
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Proof. It follows that algebras A/p2A, B/p2B are derived equivalent. We have the following
exact sequence of A/p2A-bimodules
0→ A/pA → A/p2A → A/pA → 0,
where A/pA → A/pA is the quotient map and A/pA → A/p2A is the multiplication by p. It
follows from [R] that the connecting map of the Hochschild cohomologies
im : HH
m(A/pA) → HHm+1(A/pA)
corresponding to the exact sequence above commutes with isomorphisms of Hochschild coho-
mologies induced by the derived equivalence
HH∗(A/p2A) ∼= HH∗(B/p2B), HH∗(A/pA) ∼= HH∗(B/p2B).
Now, since the deformation Poisson bracket on Z(A/pA) is defined as
{a,−} = i0(a)|Z(A/pA) , a ∈ Z(A/pA),
the desired result follows.

Now we can easily prove the following.
Theorem 2. Suppose that Lie algebras g, g′ satisfy Assumption 1. If Ug is derived equivalent to Ug′, then
g ∼= g′.
Proof. There exists a finitely generated subring S of C, and Lie algebras gS, g
′
S over S, such that
g = gS ⊗S C, g
′ = g′S ⊗S C,
and U(gS) is derived equivalent to U(g
′
S). Hence,
Z(U(gSp ))
∼= Z(U(g′Sp)).
as Poisson algebras by Lemma 4. Let I ⊂ Z(U(gSp )) be a Poisson ideal such that Z(U(gSp ))/I =
Sp. Let I
′ ⊂ Z(U(g′Sp)) be the corresponding ideal under the above isomorphism. Hence I/I
2 ∼=
I ′/I ′2 as Sp-Lie algebras. Now using Lemma 3 we conclude that trivial central extensions of
(g)C∞ and (g
′)C∞ are isomorphic. Since dim g = dim g
′, this implies that g ∼= g′. 
3. THE HOMOMORPHISMS D, D˜
We assume that g is a perfect Lie algebra over C satisfying Assumption 1. Let S be a large
enough finitely generated subring of C, and let gS be amodel of g over S (just as in the paragraph
preceding Lemma 3). Then we construct canonical homomorphisms
DS : Aut(UgS) → Aut(gS∞), D˜S : Aut(BS) → Aut(gS∞),
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as follows. At first, remark that since g is perfect, any automorphism of Ug must preserve
the ideal Z(Ug) ∩ gUg. Therefore we have the restriction homomorphism Aut(Ug) → Aut(B).
Let p >> 0 be a sufficiently large prime. Let φ ∈ Aut(BS). Reducing φ mod p, we obtain
φ¯ ∈ Aut(Z(Bp)). Since Bp is obtained by the reduction modulo p, we have the corresponding
deformation Poisson bracket on its center. Hence, φ¯ preserves the Poisson bracket on Z(Bp).
Now it follows from Lemma 2 that φ¯ preserves np, thus it induces a Lie algebra automorphism
on np/n
2
p
∼= gp, which we denote by (D˜Sp)(φ). Hence, we obtain a canonical homomorphism
D˜Sp : Aut(BS) → Aut(gp). Also, given a base change Sp → k, we denote the corresponding ho-
momorphism D˜Sp ⊗Sp k : Aut(BS) → Aut(gk) by D˜k. Also, denote by Dk : Aut(UgS) → Aut(gk)
the composition of D˜k with the restriction Aut(UgS) → Aut(BS). The element ∏p(D˜Sp)(φ) gives
rise to an element of Aut(gS∞), which we denote by D˜S(φ). This way we obtain the desired ho-
momorphisms D˜S. We define DS : Aut(UgS) → Aut(gS∞) as the composition of D˜S with the
restriction Aut(UgS) → Aut(BS).
Now, taking the direct limit of the above homomorphisms D˜S,DS over finitely generated sub-
srings S ⊂ C, we obtain the sought after homomorphisms
D˜ : Aut(B) → Aut(gC∞), D : Aut(Ug) → Aut(gC∞).
It is clear from the construction and Lemma3 that D(Aut(g)) = Fr∗∞, where Fr∞ : C → C∞ is the
canonical inclusion followed by the Frobenius map.
4. THE PROOF
We start by the following.
Proposition 1. Let g be a perfect Lie algebra satisfying Assumption 1. Then the kernel of the restriction
homomorphism Aut(Ug) → Aut(B) contains no nontrivial semi-simple automorphisms.
We remark that in general, the homomorphism Aut(Ug) → Aut(B) is not injective. For ex-
ample, in the case of g = sl2, this follows from existence of a non tame automorphism of Usl2,
proved by Joseph [J1].
For the proof of Lemma1, we need a specific set of linearly independent elements of HH2(B).
Recall that for a semi-simple g, one has dimHH2(B) = n, as follows immediately from Soergel’s
result [S].
Recall that Z(Ug) = C[g1, · · · , gn], gi ∈ gUg and (g1, · · · , gn) is a regular sequence in Ug. Put
I = (g1, · · · , gn). So B = Ug/I. Let us put B
′ = Ug/I2. Then we have a short exact sequence
0→ I/I2 → B′ → B → 0.
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We have I/I2 =
⊕n
i=1 Bg¯i, where g¯i denotes the image of gi under the quotient map Ug → B
′.
Denote by
ω ∈ HH2(B, I/I2) =
n⊕
i=1
HH2(B)g¯i
the cohomology class corresponding to the above short exact sequence. Let us put ω = ∑ni=1 ωi g¯i
where ωi ∈ HH
2(B). Under these notations we have the following.
Lemma 5. Elements ωi, 1 ≤ i ≤ n are linearly independent .
Proof. Let ∑ni=1 ciωi = 0, ci ∈ C. Let cj 6= 0 for some j. Let B1 be the quotient of B
′ by the ideal
∑i 6=j B
′ g¯i. Then it follows that the quotient map B1 → B1/B1 g¯j = B admits a C-algebra splitting.
Let ψ : B → B1 be such a splitting. Let us write
ψ(x) = x+ θ(x)g¯j, x ∈ g, θ(x) ∈ B.
This implies that g¯j ∈ g¯j(gB
′). Therefore
gj ∈ ∑
i 6=j
giUg+ gjgUg.
Thus, there exists α ∈ Ug \ gUg such that αgj ∈ ∑i 6=j giUg. Now the regularity of the sequence
(g1, · · · , gn) implies that α ∈ I, which is a contradiction. 
Proof of Proposition1. Let φ be a semi-simple automorphism of Ug that restricts to the identity
on B. Denote by φ˜ the restriction of φ on B′. Therefore φ˜ fixes ω = ∑ ωi g¯i ∈ H
2(B, I/I2). Let
φ˜ : I/I2 → I/I2 be represented by the matrix
(φij), φij ∈ C, φ˜(g¯i) = ∑ φji g¯j.
Entries φij are scalars since φ preserves C[g1, · · · , gn]. Thus ∑ φijωj = ωi. Since ωj are linearly
independent by Lemma 5, we conclude that φ|I/I2 = Id. Hence φ|In/In+1 = Id for all n. Since φ is
semi-simple, we get that φ = Id. 
Remark 2. It was proved by Polo[P] that when g is semi-simple, the action of an automorphism
of Ug on its center is given by a Dynkin diagram automorphism of g.
Proof of Theorem 1. In view of Proposition 1, it suffices to check that ker(D˜) has no nontrivial
semi-simple automorphisms. Assume that φ ∈ Aut(B) is a non-trivial semi-simple automor-
phism. Therefore there exists a finitely generated subring S ⊂ C, and a finite free φ-invariant S-
submodule V ⊂ BS, such that φ|V is semi-simple over S and V generates BS as an S-algebra. (we
are using notations from the paragraph preceding Lemma 3). We show that for sufficiently large
S, and for all p >> 0, given any homomorphism Sp → k, where k is a field, then D˜k(φ) 6= Idgk .
Let y ∈ V, 1 6= α ∈ S, such that φ(y) = αy. Let us write y = ∑ aiei, 0 6= ai ∈ S, where ei are
basis elements of BS as a free S-module. We may assume that ai, 1− α are invertible is S. Now
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let p >> 0 and ρ : S → k be a base change to a field such that D˜k = Idgk . Thus, we have a non-
trivial semi-simple automorphism φ¯ ∈ Aut(Bk), such that φ¯|mk/m2k
= Id. Then φ¯ acts trivially on
mnk/m
n+1
k for all n. Since the action of φ on Z(Bk) is semi-simple, it follows that the action of φ¯
on Z(Bk) is trivial. Then by the Noether-Skolem theorem there exists a ∈ Bk, such that
φ(x) = axa−1, x ∈ Bk.
But, since φ¯(y¯) = α¯y¯ and 1 6= α¯ ∈ k, 0 6= y¯ ∈ Bk, we get that ay¯ = α¯y¯a. Recall that under the
PBW filtration on Bk, gr(Bk) = Ak is a commutative domain. Hence,
0 6= gr(a)gr(y¯) = α¯gr(y¯)gr(a),
which is a contradiction.
Let θ : C∞ → C be a homomorphism. Then we define a (non-canonical) homomorphism
D∗ : Aut(Ug) → Aut(g) as the composition of D with the base change homomorphisms θ∗ :
Aut(gC∞) → Aut(g). Next we show that ker(D
∗) contains no nontrivial finite order elements.
This implies that given a finite subgroup Γ ⊂ Aut(Ug), then Γ′ = D∗(Γ) ⊂ Aut(g), Γ ∼= Γ′. Let
φ ∈ Aut(Ug) such that φm = 1, φ 6= 1. We may choose a finitely generated subring S ⊂ C, 1m ∈ S
containing all m-th roots of unity, such that φ ⊂ Aut(UgS). As it was shown in the preceding
paragraph, by enlarging S if necessary, for all p >> 0 and a base change Sp → k to a field, we
have Dk(φ) 6= Idgk . Let fp(t) ∈ Sp[t] denote the characteristic polynomial of DSp(φ) ∈ Aut(gSp).
Put l = dim g. We show that θ(∏p fp(t)) 6= (t − 1)
l in S∞[t]. Indeed, let us write Sp = ∏i Sp,i,
where each Sp,i is a domain (since p is unramified in S). Since the image of DSp(φ) in Aut(gSp,i)
has order m, it follows that the image of fp(t) in Sp,i[t] is not equal to (t− 1)
l and is of the form
∏
m
j=1(t− aj), a
m
j = 1. Denote by Ψ ⊂ S[t] the finite set of all degree lmonic polynomials not equal
to (t− 1)l , of the form ∏mj=1(t− aj), aj ∈ S, a
m
j = 1. For each g ∈ Ψ, denote by Ig the set of pairs
(p, i) for which fp(t) = g in Sp,i. Then we have ∏p Sp = ∏g∈Ψ(∏(p,i)∈Ig Sp,i). Now, suppose
g ∈ Ψ is such that ∏(p,i)∈Ig Sp,i 6⊂ ker(θ). Then it follows that θ(∏p fp(t)) = θ(g) 6= (t − 1)
l.
Hence φ /∈ ker(D∗) as desired.

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